Linear motor drives (LMDs) are well known to provide significant advantages in terms of positioning speed and precision over traditional screw drives (SDs), making them better suited for high-speed, high-precision machine tools. However, their use in such machine tools is limited by their tendency to consume a lot of electrical energy and cause thermal issues that help drive up costs. A hybrid feed drive (HFD) has been proposed as a possible solution to this dilemma. The HFD combines LMD and SD actuation to achieve speeds and accuracies similar to LMDs while consuming much less energy. This paper explores control strategies to further improve the performance of the HFD without unduly sacrificing its efficiency. First, it highlights two performance limitations of the controller proposed for the HFD in prior work, namely, imperfect tracking and suboptimal feedback gains. Then it compares two approaches for achieving perfect tracking with regard to performance and energy efficiency. Finally, it presents an approach for optimizing the feedback gains of the HFD to achieve the best positioning performance. Simulations and experiments are used to demonstrate significant gains in precise positioning using the methods proposed in this paper, while maintaining superb energy efficiency relative to an equivalent LMD.
INTRODUCTION
Feed drives are used for coordinated motion delivery in manufacturing machines. Consequently, their positioning accuracy and speed play a critical role in the quality and productivity of a variety of manufacturing processes, including machining [1] . Most machine tools utilize screw drives (SDs) for actuating their feed axes. The reason is that SDs are cost effective and have high mechanical advantage which allows them to support high cutting forces with very low energy consumption [2] [3] [4] . The speed and accuracy of SDs are however limited because of mechanical issues like vibration, wear, backlash and geometric errors of the screw and associated mechanical components [1, 5] . To mitigate these shortcomings, linear motor drives (LMDs) are increasingly being resorted to [2, [5] [6] [7] . LMDs can achieve higher speeds and accelerations than SDs. Moreover, they are not subject to the inaccuracies caused by geometric errors, wear and structural deformations arising from the screw and other mechanical components like bearings, couplers and nuts that are connected to it [1, 5] . LMDs are therefore generally more precise than SDs. However, because they have no mechanical advantage, they consume a lot more electrical energy to support cutting forces than SDs. The resultant heat generated has to be removed by cooling systems to prevent thermal issues, thus driving up the cost and energy consumption of the machine [5] . To reduce the energy/heat issues related to linear motors, Okwudire and Rodgers [8] have recently proposed a hybrid feed drive (HFD). Much like hybrid electric vehicles, their proposed HFD synergistically combines a LMD and SD to achieve speeds and accuracies similar to LMDs while consuming much less energy [8, 9] .
The use of one or more redundant actuators in machine tool feed drives is not new (see for example Refs. [10] [11] [12] [13] [14] ). When redundant actuators are employed, control effort is often focused on improving the positioning performance of the machine tool [10] [11] [12] [13] . The HFD however provides the opportunity to not only improve positioning performance but also energy efficiency through control of the redundant actuators [14] . This paper explores some techniques for controlling the HFD to achieve improved performance at minimal energy costs by exploiting its redundant actuation. The rest of the paper is organized as follows. Section 2 gives a brief overview of the HFD and highlights two weaknesses in the controller proposed for it in prior work -namely imperfect tracking and suboptimal feedback gains. Section 3, investigates two approaches for achieving perfect tracking with regard to performance and energy efficiency, and then presents an approach for optimizing the feedback gains of the HFD. Simulations and experiments are conducted in Section 4 to demonstrate the benefits of the control techniques presented in this paper for improving the performance and efficiency of the HFD relative to an equivalent LMD, followed by discussions, conclusions and future work.
THE HFD AND ITS CONTROLLER

OVERVIEW OF HFD CONCEPT
Machining operations typically consist of a combination of two modes -rapid traverse (i.e., high-speed, zero-cutting-force positioning moves) and cutting, usually involving low feed rates and large cutting forces. The idea behind the HFD is to: (i) drive the machine table using the LMD during rapid traverse to achieve very high speeds and accelerations with low energy consumption; (ii) drive the table using a low-lead SD during cutting to achieve the required cutting speeds with low energy consumption; (iii) use the LMD to compensate for vibrations and errors introduced by the SD during cutting; and (iv) ensure that the switch between the LMD and SD can be achieved rapidly and energy efficiently at any position of the table within its travel. Figure 1 shows the CAD model of a HFD prototype whose design is detailed in [8] . An air core linear motor is employed to drive the table because it does not need to support large cutting forces for which iron core motors are better suited, hence cogging forces are minimized. The SD is driven by a brushless DC motor. To facilitate easy engagement and disengagement of the SD from the table, a traction drive SD which uses a rolling helix (or Roh'lix ® ) nut [15, 16] is employed. The Roh'lix ® nut converts rotary motion to linear motion using rolling element ball bearings that trace a screw motion (of lead = 5 mm) along a smooth shaft of 25 mm diameter and 965 mm length. It is designed to carry up to 444 N of thrust force without slippage between the nut and shaft. The Roh'lix ® nut comes in two springloaded halves that can be separated to disengage the smooth shaft from the nut at any given location. A simple toggle mechanism is designed to separate the two halves of the nut using a pair of fast-acting pneumatic pistons. Note that using a toggle mechanism ensures that no energy is required to keep the nut halves separated. Figure 2 (a) shows a slightly simplified version of the controller proposed for the cutting mode of the HFD, when the LMD and SD are coupled together [8] . x r is the reference position while x 1 and x 2 represent the (equivalent) linear displacements of the rotary and linear motors, respectively. u 1 and u 2 are the corresponding (equivalent) control forces applied to each actuator. The conversion factor, r g = lead/(2π) denotes the gear ratio of the SD. A P-PI feedback (FB) controller, with velocity loop closed using dx 1 /dt and position loop closed using x 2 , is combined with velocity and acceleration feed forward (FF) loops to control the SD [17] . K pp and K vp are the proportional (P) gains for the position and velocity FB loops, respectively, while K vi is the velocity FB loop's integral (I) gain. K vff and K aff are the velocity and acceleration FF gains. Additionally, the controller has a PD feedback controller with gains K p and K d for controlling the LMD to provide position error compensation and active vibration damping. Figure 2 (b) for the HFD is typically used to model SDs because it is simple and it captures the first axial/torsional vibration mode of SDs, which is well known to be the bottleneck for controller design [18] [19] [20] [21] . m 1 and m 2 are the (equivalent) masses of the rotating and translating components of the HFD, while k and c represent the stiffness and viscous damping coefficients of the connecting mechanical components. b 1 and b 2 are coefficients representing the viscous damping at m 1 and m 2 , respectively. x 1 , x 2 , u 1 and u 2 are the same as in Figure 2 (a), while d 1 and d 2 are external disturbance forces (e.g., friction and cutting forces) applied to m 1 and m 2 . The equation of motion of the HFD is therefore given by
ANALYSIS OF HFD'S CONTROLLER
such that the transfer function of the HFD between its inputs u ={u 1 u 2 } 
where 
The ideal FF controller should be designed to achieve so-called "perfect tracking." This means that it achieves zero tracking error if there is no mismatch between the plant model and the actual plant [22] . In general, when velocity and acceleration FF are applied to a stage modeled as one rigid mass m = m 1 + m 2 with no damping, perfect tracking is achieved by setting K vff = 1 and K aff = m [17] . When damping exists, an additional FF loop with contribution equal to (b 1 + b 2 )dx r /dt can be added to u 2 in Figure  2 (a) so that perfect tracking is achieved. With perfect-tracking FF control in place, all the FB controller needs to do is to correct any deviations from the desired command that may occur due to disturbances or modeling errors of the plant. However, when applied to the two-mass HFD, the basic velocity and acceleration FF control of Figure 2 (a) does not yield perfect tracking, as will be demonstrated in Section 4. Furthermore, in Ref. [8] , the P-PI and PD gains of the HFD's FB controller were tuned by trial and error, without any guarantee that they were optimal. The next section addresses these two weaknesses in a way that improves the positioning performance and energy efficiency of the HFD relative to an equivalent LMD.
OPTIMIZED CONTROLLER FOR HFD
FEED FORWARD CONTROL
A straightforward way of achieving perfect tracking is to design a FF controller that inverts the plant model. Plant inversion works well if the plant has no non-minimum phase zeros (i.e., "unstable" zeros), which become unstable poles when the plant is inverted [22] . The zeros of HFD's plant G given in Eq. (2) are "stable." Therefore, a FF controller that achieves perfect tracking is given by
x r1 and x r2 denote the reference position commands for the SD and LMD, respectively. We have assumed that x r1 = x r2 = x r , i.e., that the same reference command is sent to both actuators. The implication of the FF control law given in Eq. (4) is that each actuator is responsible for moving the mass to which it is attached, such that the two-mass system moves as a rigid body.
Hence we call it rigid-body FF (or RBFF). RBFF contains only s and s 2 terms, so it achieves perfect tracking without involving higher order derivatives of x r beyond acceleration, making it very attractive especially when x r is not sufficiently smooth. However, if x r is smooth enough, it is possible to achieve perfect tracking using the SD only [19] [20] [21] ; we call this approach screwdrive-based FF (or SDFF). SDFF is achieved by realizing that the motor position x r1 need not follow x r . This is because it is the accurate positioning of the table (i.e., x 2 = x r2 = x r ) that is of concern in machine tool feed drives. Therefore, x r1 can be viewed as an extra degree-of-freedom usable to achieve perfect tracking as follows [21] 
Expanding u 1 and x r1 in Eq. (5) terms, thus requiring the calculation of the jerk and snap (i.e., the third and fourth time derivatives) of x r . Therefore, x r has to be sufficiently smooth for SDFF to be effective. Given a choice between RBFF and SDFF, both of which can achieve perfect tracking, it is of interest to determine which is more efficient. A common measure of the efficiency of an electric actuator is its resistive power losses (a.k.a. copper losses) given by the equation [23, 24] 
P is the power lost to heat in the coils of the actuator, u is the (equivalent) force applied by the actuator and K m represents the motor constant [24] in N/√W. Given the same RMS actuator force, the motor constant provides a measure of the comparative efficiency of each actuator; the larger the constant, the more efficient the motor. Note that the motor constant for rotary motors is provided in Nm/√W. It is converted to N/√W by multiplying it by the factor 1/r g , where r g in m/rad is the gear ratio of the screw given in Section 2.2. In general, the efficiency of a rotary motor is higher than an equivalent linear motor [2] . This is especially true in feed drives like the HFD which use a low-lead SD for which r g is very small. 
where the expressions in the numerator and denominator pertain to the heat generated by SDFF and RBFF, respectively. For the sake of simplicity, the damping terms (i.e., b 1 , b 2 and c) have been neglected in deriving Eq.(9). It is reasonable to ignore the integral of snap relative to that of acceleration (for a snap-limited reference trajectory) because snap occurs over very short time intervals. Therefore, the condition for SDFF to be more efficient than RBFF simplifies to
m 1 , which represents the equivalent mass of the rotating components, is usually larger than m 2 [18] [19] [20] [21] ; but we also know that K 2 m1 /K 2 m2 > 1, meaning that there is some tradeoff involved. Under the simplifying assumptions made in its derivation, Eq.(10) provides an elegant criterion for determining when to use SDFF over RBFF. However, if the damping or snap terms are not negligible, the relative efficiency of the actuators would depend on the time profile of x r , and so must be evaluated on a case-by-case basis (e.g., using simulations).
FEEDBACK CONTROL
The FB control action of the HFD can be derived from the block diagram of Figure 2 (a) by setting the FF gains (K vff and K aff ) and the reference command x r equal to zero. Accordingly, we get
Equation (11) can be re-written in a more compact form as ;
K represents a structured gain matrix that can be optimized to improve FB control performance. Systematic approaches for optimizing such a matrix are available in the literature (e.g., [25] [26] [27] [28] ). They allow a performance-based objective function with stability constraints to be defined, and then employ numerical techniques to optimize K. Such systematic approaches are preferable to the traditional gain tuning procedure for P-PI controllers employed in Ref. [8] , where the gains of each control loop are tuned sequentially, starting from the inner to the outer loops.
Figure 3: Block Diagram of FB Control of HFD
To optimize K systematically, let us represent the HFD's FB controller using the block diagram shown in Figure 3 . G a (s) is the actual plant dynamics of the HFD, comprising dynamics modeled in G(s) combined with un-modeled, higher-order dynamics. It is assumed that d 1 (i.e., friction in the rotary motor) is negligible compared to d 2 (i.e., guideway friction and cutting forces). The optimization is performed using a particle swarm technique similar to the one proposed in Refs. [27, 28] . The gain matrix is initialized using the K tuned by the traditional approach. The objective function is defined as the peak value of the weighted closed-loop frequency response function from input d 2 to output e 2 . In other words, it minimizes the influence of guideway friction and cutting forces on the table position error of the controlled system. Lower frequencies are weighted more than higher frequencies in the optimization. Constraints are put in place to ensure that the resulting controller is stable and that it maintains the same margins of stability as those of the traditionally tuned K. The result of the optimization is the automatic generation of an optimal gain matrix K which significantly improves positioning performance, as is demonstrated in the next section.
SIMULATIONS AND EXPERIMENTS
Simulations and experiments are carried out to validate the performance and efficiency of the original and optimized controllers for the HFD relative to an equivalent LMD. Figure 4 shows the HFD prototype used for the simulations and experiments while Table 1 summarizes its performance specifications. It can reach up to 150 m/min speeds at 2.5g acceleration when the table is disengaged from the screw, in the rapid traverse mode. It is however designed for a maximum of 10 m/min feed speed at 1g acceleration in the cutting mode, when the table is coupled to the screw. The simulations and experiments in this paper are focused on the cutting mode. 
Figure 4: HFD Prototype used for Simulations and Experiments
SIMULATION TESTS AND RESULTS
Simulations are conducted to evaluate the performance and energy efficiency of various FF controllers for the HFD in comparison with FF control for an equivalent LMD (i.e., the linear motor with the SD disengaged). Table 2 summarizes the experimentally identified parameters of the HFD's two-mass model, as well as its motor constants used for simulations. Figure 2 (a) with K vff = 1 and K aff = m, applied to the HFD. The additional FF loop discussed in Section 2.2 for damped systems is also incorporated to enhance its performance b) RBFF discussed in Section 3.1, applied to the HFD c) SDFF discussed in Section 3.1, applied to the HFD d) LMDFF: The FF controller for the LMD which is similar to the traditional FF for the HFD with m 1 and b 1 equal to zero [17] . In the simulations, G a (s) = G(s) (i.e., perfect plant model) and d 1 = d 2 = 0 are assumed so that no FB controller is needed. This allows the effect of FF control to be evaluated separately from FB. FF control is evaluated by commanding the machine to track two snap-limited reference trajectories x r over a distance of 100 mm at a speed of 100 mm/s. They are defined as follows I. Soft Trajectory: Acc. limit = 0.1g, jerk limit = 6.25 Table Position Error, SD Power and LMD Power of the four FF controllers using the Soft Trajectory Figure 5 shows the table position error (e 2 ), the SD and LMD power of the four FF controllers for the soft trajectory, and Figure 6 shows the same results for the aggressive trajectory. Tables 3 and 4 compare the maximum tracking errors and the energy wasted in the form of heat among the controllers for the soft and aggressive trajectories, respectively. As can be seen, the traditional FF is unable to deliver perfect tracking in either case because it cannot compensate for the vibration of the HFD modeled as a two-mass system. RBFF and SDFF are both able to deliver the same perfect tracking achieved by the linear motor (i.e., LMDFF). However, RBFF uses 55% more energy than SDFF for the smooth trajectory, and 31% more energy for the aggressive trajectory. Note that the criterion in Eq.(10) also indicates that SDFF is more efficient than RBFF. The relative efficiency between the two methods is smaller for the aggressive trajectory because of the large additional power the SD requires to compensate for the vibration of the two-mass HFD. LMDFF is the most efficient because the linear motor, acting alone, has much less inertia than the HFD. It therefore makes a lot of sense for the HFD to use the FF method that produces the same tracking performance as the LMD while having the smallest energy deficit in comparison with the LMD. 
EXPERIMENT RESULTS
Cutting experiments are conducted to evaluate the FB component of the proposed controller with regard to performance and energy efficiency. The following controllers are compared: a) Un-optimized P-PI/PD: Traditionally-tuned P-PI/PD controller for the HFD. b) Optimized P-PI/PD: P-PI/PD controller for the HFD with gain matrix K optimized using the approach discussed in Section 3.2 c) Optimized P-PI: P-PI controller for the LMD optimized using the approach discussed in Section 3.2. The gains for all three controllers are summarized in Table 5 . All controllers have been tuned to have similar stability margins. Notice that the optimized P-PI/PD controller lowers all but one of the gains of the un-optimized P-PI/PD controller, which seems counter-intuitive. Figure 7 shows the set up used for cutting experiments. The HFD prototype of Figure 4 is mounted on the x axis of a FADAL VMC 4020 3-axis milling machine to cut a 50 mm long, 1.5 mm deep slot in an AISI 1018 steel workpiece. Table 6 summarizes the key cutting parameters for the operation. Figure 8 shows a comparison of the table position errors (e2) measured from the linear encoder, and the SD and LMD energy for each controller considered. Note that the power signals are not plotted (as in Figures 5 and 6 ) because they are too oscillatory and overlapping to make out the differences among them. Table  7 summarizes the maximum and RMS table position errors, as well as the SD, LMD and total energy for each controller. Notice that the optimized P-PI/PD controller for the HFD is significantly better than the un-optimized controller in terms of positioning performance and energy efficiency. Its maximum and RMS errors are both 56% less, and the energy it wastes in heat is 53% less than the un-optimized P-PI/PD. Its positioning performance is very comparable to the LMD's but its efficiency is 71% better. 
CONCLUSION AND FUTURE WORK
This paper has presented techniques for improving the positioning precision and energy efficiency of a hybrid feed drive (HFD) relative to an equivalent linear motor drive (LMD). Two weaknesses of the controller originally proposed for the HFD are highlighted, namely, imperfect tracking and sub-optimal feedback gains. Two approaches for achieving perfect tracking are compared with regard to energy efficiency and a simple criterion for selecting the more efficient one is proposed. A systematic approach for optimizing the feedback gains of the HFD's controller is also presented. The HFD, controlled using its original (suboptimal) controller and optimized controllers (proposed in this paper) is compared in simulations and experiments to an equivalent LMD. Remarkable improvements in positioning performance and energy efficiency are demonstrated by the optimized controllers. Future work will investigate how to re-structure the HFD's controllers to further improve performance and efficiency.
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